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Abstract
We review the physics of confinement based on non-Abelian dual superconductor
picture, relying on exact solutions in N = 2 supersymmetric QCD and based on the
recent developments in our understanding of non-Abelian vortices and monopoles.
The non-Abelian monopoles, though they are basically just the ’t Hooft-Polyakov
SU(2) monopoles embedded in various corners of the larger gauge group, require
flavor symmetry in an essential way for their very existence. The phenomenon of
flavor-color-flavor separation characterizes the multiple roles flavor symmetry plays
in producing quantum-mechanical non-Abelian monopoles.
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1 Confinement as non-Abelian dual superconductor
It has become customary to think of confinement as a dual superconductor [1, 2]: dual Higgs
mechanism. It is implicitly assumed in their work that the system goes through dynamical
Abelianization,
SU(3)→ U(1)2. (1)
But what is the relation between the (dual) gauge symmetry breaking (1) and the chiral symmetry
breaking
SUL(2)× SUR(2)→ SUV (2) (2)
? Lattice simulation indicates that, in theories with flavor in the fundamental representation,
the chiral symmetry restoration and deconfinement temperatures coincide:
Tc = Tχ : (3)
this would suggests that the same order parameter
〈M〉 ∝ Λ 6= 0, (4)
describe both (2) and confinement. But a condensate of monopoles carrying the SUL(2)×SUR(2)
quantum numbers 1
〈M ji 〉 ∝ δji Λ (5)
where i, j = 1, 2 are the left and right SU(2) indices, would not work: it would leads to too many
Nambu-Goldstone particles, as the effective theory would have an accidental SU(N2f ) = SU(4)
symmetry.
2 Monopoles in N = 2 theories
It is natural to ask how things work in N = 2 supersymmetric theories where many exact results
are known on their dynamics [4]. In the SU(2) gauge theories withN = 2 supersymmetry withNf
flavors, light monopoles with nontrivial flavor quantum charges do occur and condense, leading to
the (dual) gauge symmetry breaking and dynamical global symmetry breaking, simultaneously.
1A monopole can carry flavor quantum numbers such as in (5) due to the Jackiw-Rebbi effect [3].
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In all cases Nf = 1, 2, 3, results analogous to (1) and (2), curiously, do not lead to any paradox
however. For example, in Nf = 2 theory, the monopoles are in either
(2, 1) or (1, 2) (6)
of SO(4) ∼ SU(2)×SU(2); their condensation induces quark confinement and the global symme-
try breaking, SU1(2)× SU2(2)→ SU2(2). It would appear that in SU(2) theories an accidental
symmetry is avoided “accidentally”!
Massless Abelian monopoles also appear in pure N = 2 gauge theories, as infrared degrees of
freedom.
In SU(N) gauge theories (N ≥ 3) with Nf flavors the situation is different [6, 7]. If the
monopoles in the infrared theory were all Abelian, there would be problems of too-many-NG-
bosons, as they would be the sole carriers of flavor charges at low-energies. Actually the system
avoids falling into such an embarrassing situation by generating light non-Abelian monopoles.
For instance, in N = 2, SU(N) gauge theories with Nf flavors, a typical confining vacuum is
characterized by the set of non-Abelian and Abelian monopoles listed in Table 1 taken from [6].
First of all, we note that “colored dyons” do exist (see below), and appear as infrared degrees
of freedom. Furthermore these non-Abelian monopoles M carry flavor quantum numbers of
SU(Nf ), N f . Finally, their vacuum expectation value (VEV) breaks the global symmetry as
SU(Nf )× U(1)→ U(r)× U(Nf − r), (7)
as the system in the r vacua is in (dual) color-flavor locked phase (i = 1, 2, . . . , Nf , α =
1, 2, . . . , r),
〈Miα〉 = v δiα . (8)
SU(r) U(1)0 U(1)1 . . . U(1)N−r−1
nf ×M r 1 0 . . . 0
M1 1 0 1 . . . 0
...
...
...
...
. . .
...
MN−r−1 1 0 0 . . . 1
Table 1: The massless non-Abelian and Abelian monopoles and their charges at the r vacua at
the root of a “non-baryonic” r-th Higgs branch.
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Our main concern is to understand the quantum numbers carried by the non-Abelian monopoles
M.
But “non-Abelian monopoles” [8]-[10] have notorious problems [11]-[13]! Basically they are
just the ’t Hooft-Polyakov monopoles of gauge symmetry breaking SU(2)→ U(1), embedded in
a larger gauge symmetry breaking system,
G→ H , (9)
for instance G = SU(N + 1) color group, broken by some set of adjoint scalar field to H =
SU(N)×U(1). In such a situation it is natural to think the set of degenerate monopoles lying in
various corners of G color group, related by the unbroken H = SU(N) as something forming a
multiplet of the latter. This straightforward idea however faces the well-known “no-go” theorems:
(i) Topological obstructions (i.e., in the presence of a monopole the unbroken H (e.g., SU(N))
cannot be defined globally in all directions) [11].
(ii) There are certain gauge zeromodes which are non-normalizable [12]: this can be regarded
as an infinitesimal version of the problem (i);
(iii) One might try to approach the problem starting from the totally Abelian breaking SU(N+
1)→ U(1)N by tuning the adjoint VEVs so as to reach degenerate diagonal elements. This
approach fails as the procedure necessarily produces “colored clouds”, infinitely large and
infinitely thin “monopole” configurations [13] which defy any consistent treatment.
But the issue of the foremost importance is the fact that GNO quantization condition [8]-[10] 2
2 β · α ∈ Z (10)
implies that the monopoles are to transform according to (if any) representations of the dual of
the “unbroken” gauge group H, H˜, not under H itself. As the GNO duality is of electromagnetic
type, the monopoles are to transform under some field transformations nonlocal with respect to
the original H ransformations.
Finally there is the question of the phase [14]: in order to see the dual group H˜ in action
(unbroken), e.g., in confinement phase, the system must be studied in a Higgs phase of H, that
is, we are to study the whole system such that at lower energies the group H is completely broken
(Higgs phase). In the example mentioned above, the gauge symmetry breaking sequence is
SU(N + 1)→ SU(N)× U(1)→ 1 . (11)
2α’s are the root vectors of the “unbroken” gauge group, β are the constant vectors characterizing the solutions.
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So how do the N = 2 gauge theories manage to generate quantum mechanical non-Abelian
monopoles?
3 Hierarchical gauge symmetry breaking and color-flavor
locking
To see how they do it is best to study the hierarchical gauge symmetry breaking, (11). It is
indeed sufficient to analyze the same system of softly broken N = 2 QCD, at large adjoint mass
µ and quark masses m [15]. In particular, by choosing
m µ Λ, (12)
the scalar VEV’s are then
〈Φ〉 = v1
(
1N 0
0 −1
)
, (13)
〈Q〉 = v2 1N (14)
where v1 = −m, v2 = √µm, v1  v2, and the squark fields Q are written in color (vertical)-flavor
(horizontal) mixed matrix form. A monopole lies in one of the SU(2) groups broken to U(1), as
the result of the symmetry breaking SU(N + 1) → SU(N) × U(1) (see (13)). For instance Ai
and Φ fields can be taken to be the ’t Hooft-Polyakov monopole living in the (1, N + 1) corners.
On the other hand the smaller squark VEV breaks the gauge symmetry completely, at the
same time maintaining the flavor-color diagonal SU(N) symmetry intact. As Π1(SU(N) ×
U(1)) = Z vortices are generated.
As the underlying system SU(N + 1) is simply connected, such a vortex must end: the
endpoints are precisely the monopoles (which, in turn, cannot be stable as Π2(SU(N + 1)) = 1).
As the individual vortex breaks the global color-flavor locked SU(N) symmetry to SU(N − 1)×
U(1), it possesses orientational zeromodes, generating the motion in the coset,
SU(N)/SU(N − 1)× U(1) = CPN−1 . (15)
These are non-Abelian vortices, found in 2003 [16, 17] and studied extensively since then [18]-[20].
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4 A new exact local symmetry for the monopole
To minimize the energy of the whole monopole-vortex complex (see Fig. 1) the orientation of
the monopole (in the color SU(N) space) and of the vortex (in the color-flavor diagonal SU(N)
space) must be locked [21]. As the vortex is oriented in a direction in the color-flavor space
(for instance, (1, 1) direction), the original H group is explicitly broken. Attempt to rotate the
monopole in the color SU(N + 1) space (the naive non-Abelian monopole concept) would distort
the monopole-vortex complex and raise its energy: it is no longer a zero-energy mode. Vice versa,
the whole complex maintains its energy if the monopole (in color) and vortex (in color-flavor)
are rotated simultaneously.
But that means that the orientational zeromodes of CPN−1 are attached also to the monopoles
sitting at the extremes of the vortex. The monopoles acquire continuous CPN−1 zeromodes:
they transform as in the fundamental representation of the isometry group of CPN−1: an SU(N)
group. Note that this SU(N) group is not the original H: it is induced by the original SU(N +
1)×SU(N) color flavor transformations of the original fields, but refers to motion in the solution
space CPN−1, which happens to have this form 3 .
We identify this new group as the dual gauge group H˜.
We may say that the non-normalizable 3D gauge zeromodes of the monopole has been con-
verted into normalizable 2D zeromodes, allowing the monopole to fluctuate in the dual group
H˜, but in a confined mode (the flux does not spread all over R3 but can fluctuate and propagate
along the vortex: the confining string!).
5 Many faces of flavor symmetry
The flavor symmetry thus plays crucial role in the generation of the dual gauge symmetry.
The “forbidden” color modulation of the monopole is smoothly converted to the fluctuation of
color-flavor orientational modes, which can propagate along the vortex to which the monopole is
attached. We interpret these as the fluctuation of the dual local gauge symmetry, in confinement
phase.
3It appears that the fact that the isometry group of the coset G/H is the same as H as a group, in the case of
SU theories helped obscuring the problem of non-Abelian monopoles in the past. In an analogous study starting
from G = USp(2N) or SO(2N), etc., the isometry groups of the cosets, of the color-flavor symmetry break-
ing, USp(2N)/U(N) or SO(2N)/U(N), are different from H as groups (spinor orbits of SO(2N) or USp(2N),
respectivey)
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Figure 1:
Each monopole carries furthermore flavor quantum number of the original SU(Nf ), thanks to
the Jackiw-Rebbi mechanism [3]: dressing by the quark (fermion) zeromodes. These modes are
3D normalizable, and do not propagate. The JR effect gives rise to a global charge, in contrast
to the color-flavor orientational modes.
The flavor multiplicity of monopoles are essential for the latter to be able to appear as the
infrared degrees of freedom, in the quantum regime m,µ Λ.
Thus the monopole acquires the dual gauge charge and global flavor charge, both related to
the original flavor symmetry, in association with the gauge dynamics of the soliton monopoles
and vortices. The monopole flavor quantum number is unrelated to and independent of the dual
gauge charge (see Table 2).
We call this phenomenon flavor-color-flavor separation.
The main property responsible for this is the vanishing of the squark fields at the monopole
center. Naturally they vanish all along the vortex core, and this turns out to be essential [21] for
allowing the monopole configuration to be smoothly connected to the vortex.
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6 Real-world QCD
So what is the lesson for the real world QCD? If the chiral symmetry breaking and confinement
are caused by the same set of condensates, as suggested by lattice simulations, there could be
two possible dynamical scenarios:
(i) Abelian monopoles of dynamically Abelianized SU(3) → U(1)2 gauge group, carrying the
SUL(2)× SUR(2) quantum numbers, condense
〈M ij〉 = δij Λ 6= 0; (16)
or
(ii) Non-Abelian monopoles M , M˜ associated with the dynamical gauge symmetry breaking
SU(3)→ U(2), and carrying respectively SUL(2) or SUR(2) flavor quantum numbers, form
composite and condense
〈M iM˜j〉 = δij Λ2 6= 0 . (17)
Scenario (ii) appears to be preferred from the point of view of the correct flavor symmetry
realization, avoiding the production of the too-many-NG-bosons in scenario (i).
If we define the homotopy index D by
Π1(Geff ) = Z
D (18)
where Geff is the low-energy effective gauge group, D = 2 and D = 1 for the possibilities (i) and
(ii), respectively. Can one measure D with lattice simulations?
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